We present asymptotic relaxation estimates to bi-cluster configurations for the ensemble of Kuramoto oscillators with two different natural frequencies which have been observed in numerical simulations. We provide a set of initial configurations with a positive Lebesgue measure in T N leading to bi-(point) cluster configurations consisting of linear combinations of two Dirac measures in super-threshold and threshold-coupling regimes. In a super-threshold regime where the coupling strength is larger than the difference of two natural frequencies, we use the 1 -contraction property of the Kuramoto model to derive exponential convergence toward bi-cluster configurations. The exact location of bi-cluster configurations is explicitly computable using the coupling strength, the difference of natural frequencies, and the total phase. In contrast, for the thresholdcoupling regime where the coupling strength is exactly equal to the difference of natural frequencies, the mixed ensemble of Kuramoto oscillators undergoes two dynamic phases. First, the initial configuration evolves to the segregated phase (two segregated subconfigurations consisting of the same natural frequency) in a finite time. After this segregation phase, each subconfiguration relaxes to the asymptotic phase algebraically slowly. Our analytical results provide a rigorous framework for the observed numerical simulations.
natural frequencies. The synchronized phenomena of large limit-cycle oscillators appear in many biological systems, e.g., flashing of fireflies, chorusing of crickets, synchronous firing of a cardiac pacemaker, and metabolic synchrony in yeast cell suspension [5, 24, 33] , etc. Systematic mathematical studies of such synchronized phenomena started forty years ago by two pioneers, Winfree and Kuramoto, in [17, 34] . They introduced simple weakly coupled ODE systems governing the time-evolution of an oscillator's phases through the mean-field coupling, and they showed that phase-locked states (or complete-frequency synchronized states) can asymptotically emerge from the interplay between the intrinsic randomness (variation of natural frequencies) and nonlinear phase couplings. Among several synchronization models in the literature, our interest lies in the Kuramoto model, which is a prototype for synchronization in nonlinear dynamics and statistical physics (see survey papers and a book [1, 3, 25, 28] ).
Let θ i = θ i (t) be the phase of the i-th oscillator with a natural frequency Ω i . Then the point (cos θ i , sin θ i ) can be regarded as the location of the i-th point rotator on the unit circle S 1 . The dynamics of the i-th phase θ i is governed by the following system:
subject to initial data:
where K > 0 and N denote the coupling strength and number of oscillators (rotors) respectively. The Kuramoto model (1.1) has been extensively studied in several scientific areas such as nonlinear dynamics, statistical physics, network theory, control theory, and applied mathematics, etc. Starting from the mean-field approach by Kuramoto [17] , most research in the statistical physics community is mainly focused on the identification of the phase-transition phenomena for the asymptotic order parameter from the complete incoherent state to the partially phase-locked states near the critical coupling strength K = K c . We next briefly review some literature on the Kuramoto model. Ermentrout [11] found a critical coupling at which all oscillators become phase-locked independent of the number of oscillators. The stability of the phase-locked state was established by van Hemmen and Wreszinski [31] for the large coupling using the Lyapunov functional approach, and Jadbabaie et al. [15] also considered the stability of the phase-locking state on the graphs of general connectivity and derived computable bounds for the critical coupling constant using the tools from spectral graph theory. The linear stability of the phase-locked state and rigorous characterization of the spectrum for the Kuramoto model were treated by Mirollo and Strogatz [19, 20, 29, 30] . For the synchronization of superconducting Josephson junction arrays, we refer to [32] . In [17, 18] , Kuramoto noticed that in the mean-field limit (N → ∞), the real asymptotic Kuramoto order parameter bifurcates from zero to a non-zero value at K = K c , which implies the emergence of "partial entrainment". This partial entrainment state consists of synchronizing oscillators and drifting oscillators. As K is increased from K = K c , the drifting oscillators are turned into synchronizing oscillators (see [1] for the detailed discussion). In physics literature, the regimes K > K c , K = K c , and K < K c are often called supercritical, critical, and subcritical regimes, respectively. However, for the finite-dimensional case with N < ∞, the identification of such a critical value is not clear at all, because the fluctuation in order parameter is O(N − 1 2 ). Of course, when N is sufficiently large, we may argue that the critical value is close to K c . In this paper, we are interested in the more restricted situation where all oscillators are phase-locked (emergence of complete synchronization). As noticed in [7, 10, 12] , as far as the complete frequency synchronization is concerned, the finite-dimensional Kuramoto model behaves differently at K = D(Ω), where D(Ω) is the diameter of natural frequencies (in our case, the difference of two natural frequencies). Hence throughout the paper, we will use the terminologies "super-threshold" and "threshold" regimes to denote the regimes K > D(Ω) and K = D(Ω), respectively, to avoid confusion with supercritical and critical regimes for the infinite-dimensional Kuramoto model. Recently, the first author and his collaborators have investigated the detailed synchronization dynamics of the Kuramoto oscillators on the detailed relaxation process and stability of the phase-locked states in a series of papers [6, 7, [12] [13] [14] in the super-threshold regime K > D(Ω). In particular, the uniqueness of phase-locked states has been verified for some class of initial configurations that have a positive Lesbegue measure in N -oscillator phase space T N . However, the exact configurational structure of the phase-locked states is missing (see [7] ) and provides the motivation of this paper.
The novelty of this paper is twofold. First, we present a class of initial configurations leading to the phase-locked states asymptotically in time. This admissible class of initial data has a positive measure in N -oscillator phase space. Secondly, we explicitly provide a detailed relaxation process and exact configuration structure for the phase-locked states. The situation under consideration can be thought of as the interaction of two identical oscillator subconfigurations. For K > D(Ω), the initial configuration evolves exponentially fast toward the phase-locked state with a phase diameter given by sin −1 D(Ω) K ∈ (0, π 2 ). In contrast, in a threshold-coupling regime, the relaxation toward the phase-locked state is possible from some class of initial configurations, but the convergence rate is rather slow, in fact on the order of O(1)(1 + t) −1 , and in this case, the phase diameter of the resulting phase-locked state is equal to π 2 . For related work on the interaction of two identical subconfigurations, we refer to [16, 21, 23, 26, 27] . These references mainly focus on the dynamic behavior of Kuramoto order parameter near the coupling strength K c in thermodynamic limit N → ∞ via numerical simulations. Hence our setting and focus are different from the results in the aforementioned physics literature. This paper is divided into four sections after this introduction. In Section 2, we reformulate the Kuramoto model when two classes of identical oscillator groups are interacting, and we present some equilibrium configurations. In Section 3, we study the formation of bi-clusters in a super-threshold coupling regime. In this regime, bi-cluster configurations can emerge from some class of admissible initial configurations exponentially fast. In Section 4, we present bi-cluster formations in a threshold-coupling regime. In this regime, the speed of relaxation is algebraic. Finally, Section 5 is devoted to the summary of main results.
Preliminaries.
In this section, we present a reformulation of the Kuramoto model, when oscillators have two distinct natural frequencies and provide some class of equilibrium solutions (phase-locked states).
2.1. The Kuramoto model. The intrinsic randomness of Kuramoto oscillators is recorded in the diversity of the natural frequencies Ω i ∈ R. These frequencies are treated as random variables extracted from some given distribution function g = g(Ω). Since we are interested in the interaction of two identical Kuramoto oscillator groups, we consider the bimodal distribution function:
where δ Ω i is the Dirac measure supported at Ω i . We set two identical oscillator groups as follows.
and assume oscillators in the G i -group have the same natural frequency Ω i . Then in this situation, the system (1.1) becomeṡ
Note that the diameter and averaged natural frequency are given by
Then it follows from (2.2) that the natural frequencies Ω 1 and Ω 2 can be represented by the global quantities D(Ω) and Ω c :
We can rewrite the system (2.1) aṡ
as roots for the equation:
Without loss of generality, we assume
We use (2.4) and D(Ω) = K sin D ∞ 1 to rewrite the system (2.3) aṡ
In the following proposition, we study some class of equilibrium solutions to the system (2.5).
Proposition 2.1. The system (2.5) with initial data θ 0 has at least N-equilibrium solutions of the form:
where φ is given by
In particular, if D ∞ 1 = π 2 , then the system (2.5) with initial data θ 0 only has N equilibrium solutions of the above form.
Proof. (i) Let (θ 1 , · · · , θ N ) be the equilibrium solution to the system (2.5). Then they satisfy
(2.6)
By direct substitution, it is easy to see that
satisfies the equilibrium system (2.6). On the other hand, since Ω c = 0, the mean phase does not drift in time and we have the following conservation law:
Since φ is a representative element in an equivalent class in T, we have
Thus the conservation law (2.7) implies that
(ii) We now return to the threshold case where
In this case, the equilibrium system (2.6) becomes
(2.8)
Then the first equation can be rewritten as
We sum up over i ∈ G 1 to find
Here we used the oddness of sin x to get
On the other hand, note that
In (2.9), we have
Remark 2.1. For a given initial configuration θ 0 = (θ 10 , · · · , θ N 0 ), suppose this initial configuration evolves toward the phase-locked state:
Then the base phase φ is determined through the conservation law of the Kuramoto flow (2.5):
Since the Kuramoto model (2.5) is invariant under the constant phase shift, we consider the shifted initial configurationsθ i0 :θ
Then for such a new shifted initial configuration, the modified initial configuration will be relaxed to the bi-cluster located at 0 and D ∞ φ and φ + D ∞ 1 by the uniqueness of the flow. In the sequel, without loss of generality, we may assume
Before we close this section, we introduce a phase diameter from [7] :
and we call the three regimes
as super-threshold, threshold and sub-threshold regimes, respectively.
A super-threshold coupling regime K > D(Ω).
In this section, we consider the relaxation process of initial configurations toward bi-cluster states in a superthreshold regime K > D(Ω). Once a bi-cluster configuration is formed, we can see the asymptotic position of the bi-cluster explicitly thanks to the conservation law and D ∞ 1 < π 2 . We can use the 1 -contractive property of the Kuramoto flow (2.5) to show the exponential relaxation to the bi-cluster configuration.
3.1. Basic estimates. In this part, we briefly summarize several crucial estimates for the phase-diameter. Note that K > D(Ω) implies
and we set D * 0 as the reference angle of D 0 (= initial phase diameter) in the first quadrant, satisfying
Let θ(t) = (θ 1 (t), · · · , θ N (t)) be the global smooth solution to the system (1.1) with initial data θ 0 satisfying
Then we have the following estimates:
For the proof, we refer to [7] . Based on the above lemma, we obtain the existence of a trapping region.
Proposition 3.1. Let θ(t) = (θ 1 (t), · · · , θ N (t)) be the global smooth solution to the system (2.5) with initial data θ 0 satisfying 0 ≤ D 0 < D ∞ 2 . Then we have a time-forward trapping region.
which is certainly contradictory to (3.1).
(2) Thanks to the estimate
we can use Lemma 3.1(ii) to obtain the desired result.
Recall the sgn function, defined by
Then we have
where
Proof. For a detailed proof, we refer to [7] .
3.2.
Relaxation toward the bi-clusters. In this part, we present an exponential convergence toward bi-cluster configurations.
We first set one typical equilibrium solution to the system (2.5):
Theorem 3.3. Let θ(t) = (θ 1 (t), · · · , θ N (t)) be the global smooth solution to the system (2.5) with initial data θ 0 satisfying
where λ i , i = 1, 2 are defined as follows.
Proof. We use the system (2.5) and an elementary identity for trigonometric functions to find
We next multiply (3.2) by sgn(θ i − θ ei ) and sum it over i to get
(3.3) (i) (Upper bound estimate): Depending on the size of D 0 , we consider two cases:
It follows from (3.3), Lemma 3.2, and the above estimate that
(3.4)
Then the standard Gronwall lemma yields the desired upper bound.
It follows from (3.3), (3.5), and Lemma 3.2 that
(ii) (Lower bound estimate): In (3.3), we use Lemma 3.2 and the estimate cos
Then this leads to the desired result. Remark 3.4. 1. For a sub-threshold coupling regime K < D(Ω), bi-cluster configurations cannot be formed asymptotically. This can be easily seen for the two-oscillator system as follows.
To reduce the number of equations, we set
Then it is easy to see that
Hence if K < D(Ω) = Ω, then the R.H.S. of (3.7) cannot be zero. In fact, θ is strictly increasing; hence, two oscillators periodically meet, and in the meantime, they drift on the circle. 3. We use Theorem 3.1 to calculate the asymptotic Kuramoto order parameter as follows.
N is the relative size of the first group G 1 .
A threshold-coupling regime K = D(Ω).
In this section, we consider the threshold-coupling regime where K = D(Ω). In this case, we have
Thus the system (2.5) can be rewritten aṡ
Before we present the relaxation estimate for the threshold regime, we first explain why the approach employed in the previous section does not apply for this case in the present form. Recall the relation (3.4) in Section 3:
In our case, since D ∞ 1 = π 2 , the above estimate yields d dt ||θ − θ e || 1 ≤ 0.
Hence it cannot be used to derive the strong relaxation estimate. Therefore, we employ delicate pointwise estimates. For this, we first introduce a set S cr :
It is clear to see that the set S cr has a positive measure in T N . Recall that we are using the terminology "bi-(point) cluster" to denote a state consisting of a linear combination of two Dirac masses concentrated at two different phases.
In contrast, we call "segregated phases" to denote states that are the union of disjoint subsets where each subset consists of identical oscillators. In other contexts, segregated phases are often called clusters as well. So our concept of a cluster is stronger than that of a cluster in other contexts.
We next show that initial configurations in the set S cr converge to bi-cluster configurations algebraically slowly, in fact at the order of O(1)(1+t) −1 . Note that the convergence rate in a super-threshold coupling regime K > D(Ω) is exponential. We describe the general dynamics of the mixed oscillator group as follows. The overall dynamics can be split into two phases (initial and relaxation phases). In the initial phase, the mixed oscillator group evolves toward the segregated states where oscillators in G 1 aggregate close to the equilibrium cluster θ = π 2 , whereas oscillators in G 2 aggregate into the region close to θ = 0. In the second relaxation phase, the segregated oscillator subgroups will evolve toward the bi-cluster configuration algebraically slowly. In the following two subsections, we study each phase separately. 4.0.1. From a mixing phase to a segregated phase. In this part, we describe the segregation process from the mixed ensemble of oscillators to the segregated phase.
Lemma 4.1 (Existence of a trapping region). Let θ(t) = (θ 1 (t), · · · , θ N (t)) be the solution of (4.1) with the initial configuration θ 0 ∈ S cr . Then we have
Proof. It suffices to show that in a finite time, oscillators cannot reach the values 0 and π 2 . Hence the oscillators should be confined in the region (0, π 2 ) for all t ≥ 0. Suppose there exists a minimum time 0 < t 0 < ∞ such that Either θ i 0 (t 0 ) = 0 or θ i 1 (t 0 ) = π 2 for some 1 ≤ i 0 , i 1 ≤ N .
Below, we will show that either case leads to a contradiction. Case A: Suppose there exists 0 < t 0 < ∞ such that θ i 0 (t 0 ) = 0 for some i 0 .
Note that since 0 ≤ θ j (t) ≤ π 2 , 0 < t ≤ t 0 , and θ i 0 (t 0 ) = 0, we have
We add the above relation over j to find
where we used Case A1: Suppose i 0 ∈ G 1 . Since t 0 = min{t > 0 | θ i 0 (t) = 0}, the i 0 -th phase θ i 0 should be in a non-increasing mode, i.e.,
On the other hand, we use (4.3) to finḋ
which yields a contradiction to (4.4). Thus we have
Case A2: If i 0 ∈ G 2 , then θ i 0 should be in non-increasing mode at t = t 0 , i.e.,
To be consistent with (4.3), the only possibility is to have
⇐⇒ θ(t 0 ) is an equilibrium state at time t 0 ,
where we used the fact that
Hence after t > t 0 , the solution θ(t) should stay at the equilibrium state. However, this is impossible because the initial data θ 0 is not an equilibrium state. Otherwise it violates the uniqueness of the solution. Therefore i 0 ∈ G 2 . We now combine Case A1 and Case A2 to conclude that the oscillators cannot reach the zero phase in a finite time. Case B: As in Case A, we will show that the oscillators cannot reach π 2 in a finite time as well. We basically follow the same argument as in Case A.
Suppose that there exist 0 < t 0 < ∞ such that
, for some i 1 .
Case B1: If i 1 ∈ G 2 , since θ i 1 is a non-decreasing mode, we havė
On the other hand, since
we have
Thus we haveθ
which is contradictory to (4.7). Hence we have
Case B2: If i 1 ∈ G 1 , we can also show that
by using the same argument as in Case A2. We next define the perturbationsθ i as follows.
Note that as long as the initial configuration satisfies
the perturbations {θ i } are positive due to Lemma 4.1, i.e., θ i (t) > 0, t ≥ 0. (4.10)
Proposition 4.1 (Emergence of segregated groups). Let θ(t) = (θ 1 (t), · · · , θ N (t)) be the solution of (4.1) with the initial configuration θ 0 ∈ S cr and extra nonoverlapping conditions
Then there exists
i.e., oscillator groups G 1 and G 2 are completely segregated in a finite time.
Proof. Without loss of generality, we set
Step A: We first show that there will be no crossing between oscillators in the same oscillator groups, i.e.,
We only show that oscillators in the faster group G 1 cannot cross. The other case can be treated similarly. Suppose i and j-oscillators in the group G 1 are equal at time t = t 0 > 0, i.e.,
This yields
Similarly, we can show that d n θ i dt n t=t 0 = d n θ j dt n t=t 0 .
By Taylor's theorem, we have
This again yields θ i (t) = θ j (t), t ≥ 0, due to the analyticity of θ i . This is a contradiction to the fact that
Hence the oscillators in the same group never cross each other in finite time unless they are in the same phase initially; i.e., oscillators in each group are order-preserving:
Of course, oscillators with different natural frequencies can cross each other.
Step B: We next show that the oscillators in mixing states will be segregated from each other in finite time. To obtain the desired results, it is sufficient to show that there exists T > 0 such thatθ
We claim that the limits of θ m and θ m+1 exist as t → ∞:
The proof of the first part of claim: By Lemma 4.1, θ m is bounded; hence, it suffices to show that θ m is an increasing function. For this, note that
Note that the claim, (4.11), and the uniform boundedness ofθ m , The proof of the second part of claim: Note that N j=1
This impliesθ
i.e., θ m+1 is decreasing and bounded below by 0. Hence θ m+1 has a limit as t → ∞, and by the same argument as before, we also have lim t→∞θ m+1 = 0.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/license/jour-dist-license.pdf FAST AND SLOW RELAXATIONS TO BI-CLUSTER
723
Step C: We show that lim t→∞ θ m (t) > π 4 and lim t→∞ θ m+1 (t) < π 4 .
Suppose not, i.e.,
it is easy to see that
Hence we have lim t→∞θ m (t) ≥
which is contradictory to (4.12) . For the case
we can use the same argument to derive the contradiction. 4.0.2. Relaxation toward the bi-cluster. In this part, we present the existence of a set of initial configurations with positive measure leading to the bi-cluster equilibrium configuration. Note that the perturbationsθ i in (4.9) satisfy
(4.13)
Before we present Gronwall-type inequalities from (4.13), we present some basic estimates.
We set θ s to be the unique root of the following trigonometric equation:
Proof. By direct estimates, for θ with |θ| ≤ θ s ,
On the other hand, we have
Hence we have the desired estimate. In the following two lemmas, we will derive a Gronwall-type differential inequality for ||θ|| 1 .
Lemma 4.3. Let θ(t) = (θ 1 (t), · · · , θ N (t)) be the solution of (4.1) with the initial configuration θ 0 ∈ S cr . Then there exists T > 0 such that its perturbationθ satisfies the following estimates:
where positive constants C i (k, m, N ), i = 1, 2 are defined by Proof. We use (4.10) to find
• (The estimate of I 1 ): By the standard (i, j) ↔ (j, i) trick, it is easy to see that
• (The estimate of I 2 ): We use Lemma 4.2 and the elementary inequality
to get the estimates for I 2 .
Case A (Upper bound estimate):
This yields the desired result. Case B (Lower bound estimate):
Theorem 4.4. Let θ(t) = (θ 1 (t), · · · , θ N (t)) be the solution of (4.1) with the initial configuration satisfying θ 0 ∈ S cr . Then there exists T > 0 such that its perturbationθ satisfies
Proof. We apply the estimates in Lemma 4.3 to get the desired decay estimates.
Remark 4.5. 1. Note that the condition θ 0 ∈ S cr is not necessary for the formation of bi-cluster configuration. This can be seen from the following simple example.
Consider the non-equilibrium initial configuration consisting of two clusters supported at M 1 (0) and M 2 (0); more precisely,
Then it follows from the arguments in Proposition 4.1 that
where hence, M will be non-increasing along the above dynamics and in fact it strictly decreases before it reaches the equilibrium state M = − π 2 . 2. We next briefly compare our result in Thereom 4.5 with the results by Mirollo-Strogatz. In [19] , Mirollo and Strogatz analyzed the linear stability of the phase-locked state in the finite-dimensional Kuramoto model by calculating the spectrum and associate eigenvectors of the coefficient matrix frozen at the phase-locked state. They found out that one eigenvalue is always zero, which implies the existence of a slow relaxation model. However their linear stability analysis does not give exact information on the decay rate of the slow relaxation mode and stability region. Of course, their result does not imply the nonlinear stability of the phase-locked state. This is presented as an important open problem in [1] . Our nonlinear result is not a perturbative result in the sense that any linearization arguments are not employed in the analysis, and our result gives the optimal relaxation rate for the threshold case K = D(Ω), which is not followed from Mirollo and Strogatz's result in [19] .
Conclusion.
In this paper, we presented how the phase-locked states consisting of bi-clusters can emerge from the set of initial configurations with positive Lebesgue measure through the nonlinear interactions between two identical subconfigurations asymptotically. As far as the relaxation process is concerned, our analytical results are new in the sense that the regime K = D(Ω) serves as a new threshold point. For K > D(Ω), the relaxation rate is exponential, whereas for K = D(Ω), the relaxation rate is algebraic. Below K < D(Ω), the oscillators do not completely relax to the phase-locked state. These new phenomena do not seem to have been reported in the physics literature for the finite-dimensional Kuramoto model. This might be due to the reason that a physicist's interest lies on the phase transition phenomena near Kuramoto's critical strength K = K c . Another new point is that our relaxation estimates in the regime K ≥ D(Ω) are independent of the number of oscillators; hence, they can be lifted to the corresponding kinetic equation in the thermodynamic limit N → ∞. Unlike the general cases studied in [7] , we explicitly identified the structure of phase-locked states. The configurational structure of the phase-locked state "bi-cluster" is dependent on D(Ω) K and initial configuration. The convergence mode to the phase-locked state is completely different in the two cases K > D(Ω) and K = D(Ω). The former case is exponential, whereas the latter is algebraic.
